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============

Clustering is the process of separating a data set into different groups (clusters) such that objects in the same cluster should be similar to one another but dissimilar in another cluster \[[@CR1]--[@CR3]\]. It is a procedure to handle unsupervised learning problems appearing in pattern recognition. The major contribution in the field of clustering came due to the pioneering work of MacQueen \[[@CR1]\] and Bazdek \[[@CR2]\]. The *k*-means clustering algorithm was introduced by MacQueen \[[@CR1]\], which is based on the minimum distance of the points from the center. The variants of *k*-means clustering algorithms were proposed to solve different types of pattern recognitions problems (see \[[@CR4]--[@CR7]\]). The clustering results of *k*-means or its variant can be further enhanced by choosing an appropriate distance measure. Therefore, the distance measure has a vital role in the clustering.
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                \begin{document}$p \ge 1$\end{document}$) distance measures are not flexible, so they cannot be modified as per the need of the clustering problem. Hence, clustering results derived through distance-dependent algorithms basically depend upon two properties of a distance measure: (1) trajectory and (2) flexibility. Till now, we have not come across to any distance measure that offers a guaranteed good result for every clustering problems. Clustering is carried out by using other variants of the $\documentclass[12pt]{minimal}
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                \begin{document}$1 \le p,q \le \infty$\end{document}$, introduced by Kellogg \[[@CR9]\] and further studied by Jovanovic and Rakocevic \[[@CR10]\], Oscar and Carme \[[@CR11]\], and Ivana et al. \[[@CR12]\] offers more flexibility in comparison to $\documentclass[12pt]{minimal}
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                \begin{document}$n(\varphi )$\end{document}$ sequence spaces were proposed by Tripathy and Sen \[[@CR14]\], Mursaleen \[[@CR15], [@CR16]\], and Vakeel \[[@CR17]\]. Malkowsky et al. \[[@CR18]\] defined a matrix mapping into the strong Cesàro sequence space \[[@CR19]\] and studied the modulus function. Recently, for first time, Khan et al. \[[@CR20]\] defined a distance measure of the double sequence of $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal{{N}}(\phi )$\end{document}$ to cluster the objects. Moreover, Khan et al. in \[[@CR38], [@CR39]\] defined some more similarity measures by using distance measures of the double sequences in the uncertain environment. Mohiuddine and Alotaibi applied measures of noncompactness to solve an infinite system of second-order differential equations in $\documentclass[12pt]{minimal}
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                \begin{document}$\ell_{p}$\end{document}$ spaces \[[@CR21], [@CR22]\]. The double sequence space is further studied by Mursaleen and Mohiuddine \[[@CR23]\], Altay and Başar \[[@CR24], [@CR25]\], Başar and Şever \[[@CR26]\], and Esi and Hazarika \[[@CR27]\]. Moreover, an Orlicz function and a fuzzy set are also used to define other types of double sequence spaces \[[@CR18], [@CR28]--[@CR31]\]. The convergence of difference sequence spaces is discussed in \[[@CR29], [@CR32], [@CR33]\]. Figure 1**Geometry of** $\documentclass[12pt]{minimal}
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In this paper, we define a new double sequence space $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} &\mathcal{{M}}(\phi,p,\mathcal{{F}}) \\ &\quad = \biggl\{ x = \{ x_{mn}\} \in \Omega:\sup_{s,t \ge 1}\sup_{\zeta \in \mathcal{{U}}_{st}}\frac{1}{\phi_{st}} \sum_{m,n \in \zeta} \biggl( \mathcal{{F}} \biggl( \frac{ \vert x_{mn} \vert }{\rho} \biggr) \biggr)^{p} < \infty, \text{ for some }\rho > 0 \biggr\} . \end{aligned} $$\end{document}$$ Obviously, $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal{{M}}(\phi,p,\mathcal{{F}})$\end{document}$ is a norm space, and hence the induced distance measure is represented as $$\documentclass[12pt]{minimal}
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                \begin{document}$$d_{M(\phi,p,\mathcal{{F}})}(x,y) = \biggl( \sup_{s,t \ge 1}\sup _{\zeta \in \mathcal{{U}}_{st}}\frac{1}{\phi_{st}}\sum_{m,n \in \zeta} \biggl( F \biggl( \frac{ \vert x_{mn} - y_{mn} \vert }{\rho} \biggr) \biggr)^{p} \biggr)^{\frac{1}{p}}. $$\end{document}$$

The parameters *ϕ*, *p* and Orlicz function $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal{{M}}(\phi,p,\mathcal{{F}})$\end{document}$ brings flexibility in the induced distance measure $\documentclass[12pt]{minimal}
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                \begin{document}$d_{M(\phi,p,\mathcal{{F}})}$\end{document}$, which helps the user to modify it as per need of the clustering problem. Besides, defining the distance measure of $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal{{M}}(\phi,p,\mathcal{{F}})$\end{document}$ is used in the *k*-means clustering algorithm, which clusters real-world data sets such as two-moon data set and path-based data set. The clustering results obtained by the modified clustering algorithm is compared with the *k*-means clustering algorithm to show its efficacy.

Preliminaries {#Sec2}
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                \begin{document}$c_{0}$\end{document}$ denote the Banach spaces of bounded, convergent, and null sequences; *ω*, $\documentclass[12pt]{minimal}
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                \begin{document}$\mathbb{R}$\end{document}$ denote the sets of real (ordinary or single) sequences, natural numbers, and real numbers, respectively.

Orlicz function \[[@CR34]\] {#Sec3}
---------------------------
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Let Ω be the set of all real-valued double sequences, which is a vector space with coordinatewise addition and scalar multiplication. A double sequence $\documentclass[12pt]{minimal}
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Theorem 3.1 {#FPar1}
-----------
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-----
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Remark 3.1 {#FPar3}
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Theorem 3.2 {#FPar4}
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                \begin{document}$$\begin{aligned} &\frac{1}{\psi_{st}}\sum_{m,n \in \zeta} \biggl( \mathcal{{F}} \biggl( \frac{ \vert x_{mn} \vert }{\rho} \biggr) \biggr)^{p}\\ &\quad \le \frac{k}{\phi_{st}}\sum _{m,n \in \zeta} \biggl( \mathcal{{F}} \biggl( \frac{ \vert x_{mn} \vert }{\rho} \biggr) \biggr)^{p}\quad \mbox{for each }s,t \in \mathbb{N}\mbox{ and for some }\rho > 0. \end{aligned} $$\end{document}$$

Now taking the supremum on both sides we get $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} &\sup_{s,t \ge 1}\sup_{\zeta \in \mathcal{{U}}_{st}}\frac{1}{\psi_{st}}\sum _{m,n \in \zeta} \biggl( \mathcal{{F}} \biggl( \frac{ \vert x_{mn} \vert }{\rho} \biggr) \biggr)^{p} \\ &\quad \le k\sup_{s,t \ge 1}\sup _{\zeta \in \mathcal{{U}}_{st}}\frac{1}{\phi_{st}}\sum_{m,n \in \zeta} \biggl( \mathcal{{F}} \biggl( \frac{ \vert x_{mn} \vert }{\rho} \biggr) \biggr)^{p}\quad \mbox{and for some } \rho > 0. \end{aligned} $$\end{document}$$ Therefore we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$\sup_{s,t \ge 1}\sup_{\zeta \in \mathcal{{U}}_{st}}\frac{1}{\psi_{st}}\sum _{m,n \in \zeta} \biggl( \mathcal{{F}} \biggl( \frac{ \vert x_{mn} \vert }{\rho} \biggr) \biggr)^{p} < \infty\quad \mbox{and for some }\rho > 0. $$\end{document}$$ Hence $\documentclass[12pt]{minimal}
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                \begin{document}$t_{i} \ge j_{ \circ} $\end{document}$. Hence $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \begin{document}$$\frac{1}{\psi_{s_{i}t_{i}}}\sum_{m,n \in \zeta} \biggl( \mathcal{{F}} \biggl( \frac{ \vert x_{mn} \vert }{\rho} \biggr) \biggr)^{p} > \frac{b}{\phi_{s_{i}t_{i}}}\sum _{m,n \in \zeta} \biggl( \mathcal{{F}} \biggl( \frac{ \vert x_{mn} \vert }{\rho} \biggr) \biggr)^{p} $$\end{document}$$ for all $\documentclass[12pt]{minimal}
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                \begin{document}$s_{i} \ge i_{ \circ} $\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t_{i} \ge j_{ \circ} $\end{document}$. Now taking the supremum over $\documentclass[12pt]{minimal}
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                \begin{document}$s_{i} \ge i_{ \circ}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$t_{i} \ge j_{ \circ} $\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\zeta \in \mathcal{{U}}_{st}$\end{document}$, we get $$\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
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                \begin{document}$$ \sup_{s_{i} \ge i_{ \circ},t_{i} \ge j_{ \circ}} \sup_{\zeta \in \mathcal{{U}}_{st}}\frac{1}{\psi_{s_{i}t_{i}}}\sum _{m,n \in \zeta} \biggl( \mathcal{{F}} \biggl( \frac{ \vert x_{mn} \vert }{\rho} \biggr) \biggr)^{p} > b\sup_{s_{i} \ge i_{ \circ},t_{i} \ge j_{ \circ}} \sup _{\zeta \in \mathcal{{U}}_{st}}\frac{1}{\phi_{s_{i}t_{i}}}\sum_{m,n \in \zeta} \biggl( \mathcal{{F}} \biggl( \frac{ \vert x_{mn} \vert }{\rho} \biggr) \biggr)^{p}. $$\end{document}$$ Since ([2](#Equ2){ref-type=""}) holds for all $\documentclass[12pt]{minimal}
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                \begin{document}$b \in \mathbb{R}^{ +} $\end{document}$ (we may take *b* sufficiently large), we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$\sup_{s_{i} \ge i_{ \circ},t_{i} \ge j_{ \circ}} \sup_{\zeta \in \mathcal{{U}}_{st}}\frac{1}{\psi_{s_{i}t_{i}}}\sum _{m,n \in \zeta} \biggl( \mathcal{{F}} \biggl( \frac{ \vert x_{mn} \vert }{\rho} \biggr) \biggr)^{p} = \infty $$\end{document}$$ when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$0 < \sup_{s_{i} \ge i_{ \circ},t_{i} \ge j_{ \circ}} \sup_{\zeta \in \mathcal{{U}}_{st}}\frac{1}{\phi_{s_{i}t_{i}}}\sum_{m,n \in \zeta} ( \mathcal{{F}} ( \frac{ \vert x_{mn} \vert }{\rho} ) )^{p} < \infty$\end{document}$.
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                \begin{document}$\mathcal{{M}}(\phi,p,\mathcal{{F}}) \subseteq \mathcal{{M}}(\psi,p,\mathcal{{F}})$\end{document}$. Hence $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \begin{document}$\sup_{s,t \ge 1} ( \frac{\phi_{st}}{\psi_{st}} ) < \infty$\end{document}$. □

Corollary 3.1 {#FPar6}
-------------
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                \begin{document}$s,t \in \mathbb{N}$\end{document}$.

Corollary 3.2 {#FPar7}
-------------
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                \begin{document}$\mathcal{{M}}(\phi ) \subseteq \mathcal{{M}}(\phi,p,\mathcal{{F}})$\end{document}$.

Proof {#FPar8}
-----
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                \begin{document}$\mathcal{{M}}(\phi ) \subseteq \mathcal{{M}}(\phi,p,\mathcal{{F}})$\end{document}$. □

Theorem 3.3 {#FPar9}
-----------

*The inclusions* $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal{L}_{p}(\mathcal{{F}}) \subseteq \mathcal{{M}}(\phi,p,\mathcal{{F}}) \subseteq \mathcal{L}_{\infty} (\mathcal{{F}})\mathcal{{M}}(\phi,p,\mathcal{{F}})$\end{document}$ *hold*.

Proof {#FPar10}
-----
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$x \in \mathcal{L}_{p}(\mathcal{{F}})$\end{document}$. Then, for some $\documentclass[12pt]{minimal}
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                \begin{document}$\sum_{i,j = 1,1}^{\infty,\infty} ( \mathcal{{F}} ( \frac{ \vert x_{mn} \vert }{\rho} ) )^{p} < \infty$\end{document}$. Since ($\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{1}{\phi_{st}}\sum_{m,n \in \zeta} \biggl( \mathcal{{F}} \biggl( \frac{ \vert x_{mn} \vert }{\rho} \biggr) \biggr)^{p} &\le \frac{1}{\phi_{11}}\sum_{m,n \in \zeta} \biggl( \mathcal{{F}} \biggl( \frac{ \vert x_{mn} \vert }{\rho} \biggr) \biggr)^{p} \\ &\le \frac{1}{\phi_{11}}\sum_{i,j = 1,1}^{\infty,\infty} \biggl( \mathcal{{F}} \biggl( \frac{ \vert x_{i,j} \vert }{\rho} \biggr) \biggr)^{p} < \infty. \end{aligned} $$\end{document}$$

Hence $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \usepackage{upgreek}
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                \begin{document}$\sup_{s,t \ge 1}\sup_{\zeta \in \mathcal{{U}}_{st}}\frac{1}{\phi_{st}}\sum_{m,n \in \zeta} ( \mathcal{{F}} ( \frac{ \vert x_{mn} \vert }{\rho} ) )^{p} < \infty$\end{document}$.
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                \begin{document}$\mathcal{L}_{p} \subseteq \mathcal{{M}}(\phi,p,\mathcal{{F}})$\end{document}$. Now let $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{gathered} \sup_{s,t \ge 1}\sup _{\zeta \in \mathcal{{U}}_{st}}\frac{1}{\phi_{st}}\sum_{m,n \in \zeta} \biggl( \mathcal{{F}} \biggl( \frac{ \vert x_{mn} \vert }{\rho} \biggr) \biggr)^{p} < \infty, \\ \sup_{m,n \ge 1}\frac{1}{\phi_{11}}\sum_{m,n \in \zeta} \biggl( \mathcal{{F}} \biggl( \frac{ \vert x_{mn} \vert }{\rho} \biggr) \biggr)^{p} < \infty. \end{gathered} $$\end{document}$$
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                \begin{document}$\Rightarrow \mathcal{{F}} ( \frac{ \vert x_{mn} \vert }{\rho} ) \le ( A\phi_{11} )^{\frac{1}{p}}$\end{document}$ for some $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \begin{document}$x \in \mathcal{L}_{\infty} (\mathcal{{F}})$\end{document}$. □

Theorem 3.4 {#FPar11}
-----------
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                \begin{document}$\mathcal{{F}}_{2}$\end{document}$ *be Orlicz functions satisfying* $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{{M}}(\phi,p,\mathcal{{F}}_{1}) \subseteq \mathcal{{M}}(\phi,p,\mathcal{{F}} \circ \mathcal{{F}}_{1})$\end{document}$,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{{M}}(\phi,p,\mathcal{{F}}_{1}) \cap \mathcal{{M}}(\phi,p,\mathcal{{F}}_{2}) = \mathcal{{M}}(\phi,p,\mathcal{{F}}_{1} + \mathcal{{F}}_{2})$\end{document}$.

Proof {#FPar12}
-----
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho > 0$\end{document}$ such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sup_{s,t \ge 1}\sup_{\zeta \in \mathcal{{U}}_{st}}\frac{1}{\phi_{st}}\sum _{m,n \in \zeta} \biggl( \mathcal{{F}} \biggl( \frac{ \vert x_{mn} \vert }{\rho} \biggr) \biggr)^{p} < \infty. $$\end{document}$$

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0 < \varepsilon < 1$\end{document}$ and *δ* with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0 < \delta < 1$\end{document}$ be such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F(t) < \varepsilon$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0 < t \le \delta$\end{document}$. Put $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t_{mn} = \mathcal{{F}}_{1} ( \frac{ \vert x_{mn} \vert }{\rho} )$\end{document}$ and for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\zeta \in \mathcal{{U}}_{s}$\end{document}$, consider $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum_{m,n \in \zeta} \bigl( \mathcal{{F}}(t_{mn}) \bigr)^{p} = \sum_{1} \bigl( \mathcal{{F}}(t_{mn}) \bigr)^{p} + \sum _{2} \bigl( \mathcal{{F}}(t_{mn}) \bigr)^{p}, $$\end{document}$$ where the first sum is over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t_{mn} \le \delta$\end{document}$, and the second is over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t_{mn} > \delta$\end{document}$. From the remark we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sum_{1} \bigl( \mathcal{{F}}(t_{mn}) \bigr)^{p} \le \bigl( \mathcal{{F}}(1) \bigr)^{p}\sum _{1} \bigl( t_{mn}^{p} \bigr) \le \bigl( \mathcal{{F}}(2) \bigr)^{p}\sum_{1} \bigl( t_{mn}^{p} \bigr), $$\end{document}$$ and for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t_{mn} > \delta$\end{document}$, we use the fact that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_{mn} < \frac{t_{mn}}{\delta} < 1 + \frac{t_{mn}}{\delta}. $$\end{document}$$ Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{{F}}$\end{document}$ is nondecreasing and convex, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{{F}}(t_{mn}) \le \mathcal{{F}} \biggl( 1 + \frac{t_{mn}}{\delta} \biggr) < \frac{1}{2}\mathcal{{F}}(2) + \frac{1}{2}\mathcal{{F}} \biggl( \frac{2t_{mn}}{\delta} \biggr). $$\end{document}$$ Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{{F}}$\end{document}$satisfies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Delta_{2}$\end{document}$-condition, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{{F}}(t_{mn}) < \frac{1}{2}k\frac{t_{mn}}{\delta} \mathcal{{F}}(2) + \frac{1}{2}k\frac{t_{mn}}{\delta} \mathcal{{F}}(2) = k \frac{t_{mn}}{\delta} \mathcal{{F}}(2). $$\end{document}$$ Hence $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigl( \mathcal{{F}}(t_{mn}) \bigr)^{p} < \biggl( k\frac{t_{mn}}{\delta} \mathcal{{F}}(2) \biggr)^{p}. $$\end{document}$$ Therefore $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sum_{2} \bigl( \mathcal{{F}}(t_{mn}) \bigr) \le \max \biggl( 1, \biggl( \frac{k\mathcal{{F}}(2)}{\delta} \biggr)^{p} \biggr)^{p}\sum_{m,n \in \zeta} \bigl( t_{mn}^{p} \bigr). $$\end{document}$$ By ([3](#Equ3){ref-type=""}) and ([4](#Equ4){ref-type=""}) we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{{M}}(\phi,p,\mathcal{{F}}_{1}) \subseteq \mathcal{{M}}(\phi,p,\mathcal{{F}} \circ \mathcal{{F}}_{1})$\end{document}$.

\(2\) The proof follows from the inequality $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{gathered} \sup_{s,t \ge 1}\sup _{\zeta \in \mathcal{{U}}_{st}}\frac{1}{\phi_{st}} \biggl\{ \sum _{m,n \in \zeta} \biggl( (\mathcal{{F}}_{1} + \mathcal{{F}}_{2}) \biggl( \frac{ \vert x_{mn} \vert }{\rho} \biggr) \biggr)^{p} \biggr\} ^{\frac{1}{p}} \\ \quad \le \sup_{s,t \ge 1}\sup_{\zeta \in \mathcal{{U}}_{st}} \frac{1}{\phi_{st}} \biggl\{ \sum_{m,n \in \zeta} \biggl( \mathcal{{F}}_{1} \biggl( \frac{ \vert x_{mn} \vert }{\rho} \biggr) \biggr)^{p} \biggr\} ^{\frac{1}{p}} + \sup_{s,t \ge 1}\sup _{\zeta \in \mathcal{{U}}_{st}}\frac{1}{\phi_{st}} \biggl\{ \sum _{m,n \in \zeta} \biggl( \mathcal{{F}}_{2} \biggl( \frac{ \vert x_{mn} \vert }{\rho} \biggr) \biggr)^{p} \biggr\} ^{\frac{1}{p}}\\ \quad < \infty. \end{gathered} $$\end{document}$$ □

Theorem 3.5 {#FPar13}
-----------

*The* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{{M}} ( \phi,p,\mathcal{{F}} )$\end{document}$ *satisfy the following relations*: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{{M}} ( \phi,p,\mathcal{{F}} ) = \mathcal{L}_{p}(\mathcal{{F}})$\end{document}$ *if and only if* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sup_{s,t \ge 1}(\varphi_{st}) < \infty$\end{document}$,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{{M}} ( \phi,p,\mathcal{{F}} ) = \mathcal{L}_{\infty} (\mathcal{{F}})$\end{document}$ *if and only if* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sup_{s,t \ge 1} ( \frac{st}{\phi_{st}} ) < \infty$\end{document}$.

Proof {#FPar14}
-----

\(1\) If we take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi_{st} = 1$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s,t \in \mathbb{N}$\end{document}$, then we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{{M}} ( \phi,p,\mathcal{{F}} ) = \mathcal{L}_{p}(\mathcal{{F}})$\end{document}$.
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Two-moon and path-based data sets are artificially designed as nonconvex collections of points \[[@CR36], [@CR37]\]. The original shapes of the two-moon and path-based data are represented in Figures [2](#Fig2){ref-type="fig"} and [4](#Fig4){ref-type="fig"}, respectively. The clustering on these two data sets is carried out by the algorithm dissussed in Section [3.1](#Sec5){ref-type="sec"}. In the case of a two-moon data set, for making simulation process simple, we take $\documentclass[12pt]{minimal}
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